Let ∆ = {δ1, δ2, ..., δm} be a finite set of 2-connected patterns, i.e. graphs up to vertex relabelling. We study the generating function D∆ (z, u1, u2, ..., um), which counts polygon dissections and marks subgraph copies of δi with the variable ui. We prove that this is always algebraic, through an explicit combinatorial decomposition depending on ∆. The decomposition also gives a defining system for D∆(z, 0), which encodes polygon dissections that avoid these patterns as subgraphs. In this way, we are able to extract normal limit laws for the patterns when they are encoded, and perform asymptotic enumeration of the resulting classes when they are avoided. The results can be transfered to the case of labelled outerplanar graphs. We give examples and compute the relevant constants when the patterns are small cycles or dissections.
Introduction
The study of subgraph appearances in random graph models is a well established line of research, beginning with the classic Erdős-Rényi graph and results concerning the distribution of such appearances and threshold phenomena, as in [15] , [21] . In parallel, attention was also drawn on models where, given some well-known graph class, an object is chosen uniformly at random from all the objects of size n; see for instance [16] and [11] for regular graphs. In the last decades, techniques using a mixture of generating function theory and analytic tools have evolved significantly and are in the centre of such advances for various other graph classes. A number of graph statistics, such as number of components, edges, cut vertices, triangles, chromatic number and others, have been studied for standard graph classes, such as planar graphs, outerplanar, series-parallel, graphs of fixed genus, and minor-closed families; see for instance [4] , [2] , [13] , [17] .
In [8] , the authors present a normality result for the so-called subcritical family of graphs, that contains standard graph classes such as trees, cacti graphs, outerplanar, and series-parallel graphs. In particular, all subgraph parameters in such a class follow a normal limit law, with linear mean and variance. However, no constructive way is given in it, in order to compute the corresponding constants for the mean and variance. One of the results of this work is an explicit way to do so in outerplanar graphs, for any set of 2-connected patterns, i.e. graphs up to vertex relabelling. As a case study, we examine 3 and 4-cycles, but the process by which these constants are obtained can be directly transferred to the case of any set of 2-connected parameters. A necessary step for the analysis of outerplanar graphs is the analysis of polygon dissections, denoted by D, with some fixed numbering on the vertices. For a finite set of 2-connected patterns ∆ = {δ 1 , δ 2 , ..., δ k }, we prove a combinatorial decomposition of D that allows the encoding of such patterns, depending on ∆. In this way, we obtain defining systems for the multivariate generating function D ∆ (z, u 1 , u 2 , ..., u k ), where the coefficient of z n u n1 1 · · · u nm m counts the number of α ∈ D that have n vertices and n i subgraph occurrences of the pattern δ i .
This task is of independent interest, as it is related to the enumeration problem of polygon dissections, a line of work that is quite old. Starting from the enumeration of polygon triangulations with Euler and Segner in the 18th century, a great amount of work has been devoted up until today to relevant problems. Usually, these problems put restrictions either on the number or the size of the partition's polygonal components, or even colour restrictions, recently; see for instance [3] , [20] , [1] . However, the problem where a whole pattern is avoided as subgraph (i.e., cannot be recovered by applying edge and vertex deletions) seems to not have been studied at all, except for the case of triangle freeness in [1] , where the problem the authors are dealing with does not concern subgraph restrictions, but restrictions on the type and colour of the partition's polygonal components. With results of this work, it is possible to handle subgraph restrictions of any set ∆ and perform asymptotic enumeration of the resulting classes. We give such examples. In fact, we obtain the following results (corresponding to Corollary 3.3.1 and Theorem 4.2, respectively): 
respectively, where both α, g are computable constants. In Table 3 , there are approximations of α, g for various choices of ∆.
We also prove a multivariate central limit theorem for the number of appearances of 2-connected patterns in polygon dissections (corresponding to Theorem 3.4): Theorem 1.4. Let ∆ = {δ 1 , ..., δ m } be a set of 2-connected patterns. Let Ω n be the set of polygon dissections of size n and X n : Ω n → Z m ≥0 be a vector of random variables X δ1 , ..., X δm in Ω n , such that X δi (ω) is the number of δ i patterns in ω ∈ Ω n . Then, X n satisfies a central limit theorem
where µ and Σ are computable.
There are some natural questions arising from this work. One is whether it is possible to extend the combinatorial construction that is proved for general parameters, with multiple cut vertices, and how. Also, one might wonder in which other combinatorial structures we can apply this reasoning, apart from outerplanar graphs. An example for the latter can be found in the dual class of polygon dissections, planted plane trees with outdegrees in N \ {1}, denoted by T. Consider as parameter in T ∈ T the number of subtrees T with k leaves, such that deg T (v) = deg T (v) for each node v that is inner in T . Then, the equivalent parameter for polygon dissections is the number of k-cycles.
Plan of the paper. In Section 2, we mention definitions and theorems that will be used. In Section 3, we prove a combinatorial decomposition of D depending on ∆ and then Theorem 1.2. We also prove Theorem 1.4. In section 4, we give applications of the previous and prove Theorem 1.1 and Theorem 1.3. In the Appendix, Table 6 .1 contains the initial terms of all the counting sequences appearing in Section 4.
Preliminaries
The framework we use is the symbolic method and the corresponding analytic techniques, as they were presented in [9] .
Symbolic methods for counting. A combinatorial class is a set A with a size function A → Z ≥0 , such that the inverse image of any integer is a finite set, denoted A n . Each α ∈ A n comprises n atoms of size 1, and we denote by Z the atomic class that contains exactly one object of size one. In this work, atoms always represent graph vertices. We call a class A labelled if the atoms have labels and A is closed under atom relabelling. The ordinary generating function A(z) of A, referred also as ogf, is defined as In order to create functional equations for the generating functions of interest, we use the so-called admissible combinatorial constructions from [9] . The aim is to express a combinatorial class in terms of other ones, itself included, in an admissible way. Then, there is a direct translation in terms of generating functions. From unlabelled classes and ogfs, we only need the elementary cases A = B ∪ C ⇒ A(z) = B(z) + C(z) and A = B × C ⇒ A(z) = B(z) · C(z). In Table 1 , there are all the labelled constructions that are useful to this work, along with their translations to egfs.
It is useful to consider parameters on the objects of A, i.e functions χ i : A → Z ≥0 that quantify some structure of the objects. Let j be (j 1 , ..., j m ) 2 , where j i ∈ Z ≥0 and let us define A n,j as the set of elements α ∈ A that have size n and χ i (α) = j i . Then we work with multivariate generating functions, ordinary n,ji≥0 |A n,j |z n u for labelled ones. All the mentioned translations are also valid for multivariate generating functions, if the parameters are compatible, i.e. χ(α ) is the same for all order-preserving relabelings α of α ∈ A, and additive, i.e. χ(α) = i χ(β i ) when α ∈ A is composed of smaller elements β i ∈ B.
A generating function y(z, u) is called algebraic if it satisfies a polynomial equation P (z, y, u) = 0.
Labelled product: 1 From now on, generating functions will be denoted by plane letters and combinatorial classes by calligraphic letters. 2 This convention is followed in an analogous way for all bold characters.
Graph theoretic preliminaries. We now mention some basic graph theoretic language and refer to [5] for a rigorous exposition. A graph G(V, E) is defined by the vertex set V and the edge set E that is a set of 2-element subsets of V . If the elements of E are ordered pairs of vertices, the graph is called directed. A graph G 1 is a subgraph of G 2 if it can be obtained by G 2 with edge and vertex deletions. In this work, a pattern is the equivalence class of a graph, up to vertex relabelling.
A graph is called 2-connected if at least two vertex deletions are needed in order to disconnect it. A graph is an m-cycle, denoted
Suppose that G admits a planar embedding Γ on the plane, i.e. an embedding such that the edges do not cross one another. The closures of the connected components of R 2 \Γ are called faces of the embedding and there is always a unique face that is unbounded. Edges that lie on this face will be called outer ; otherwise, they will be called inner.
Outerplanar Graphs. Let P be a polygon with vertices numbered in {1, ..., n}, in counterclockwise order. A polygon dissection is an arrangement of diagonals on P , such that no two of them are intersecting.
Outerplanar graphs are graphs that can be embedded on the plane in such a way that all vertices lie on the boundary of the unbounded face. Let G be the class of labelled outerplanar graphs. In [2] , the authors bring together a set of combinatorial constructions that define the class G and involve the classes D, B, C, corresponding to polygon dissections, labelled 2-connected, and labelled connected outerplanar graphs, respectively. These constructions translate to the functional equations in Table 2 . Note that the first one is an ordinary generating function and the rest are exponential. We are interested on how the first equation is derived. Each 2-connected outerplanar graph with |V | > 2 has a Hamilton cycle, so, assuming a numbering on it, counting 2-connected outerplanar graphs of size n is equivalent to counting dissections of the same size. The starting point is [9] , where polygon dissections were modelled in a symbolic way, based on the recursive structure of the class, as shown in Figure 1 . In short, one designates an edge of the polygon, say the e = {v 1 , v 2 } edge, and then divides the dissections according to the size of the polygon where e lies. The latter will be called root polygon and e will be called root. On the rest of the edges, other dissections are attached. The following translation is then implied, in terms of ogfs:
Polygon dissections
The second equation in Table 2 is derived by observing that n![
. The third and fourth correspond to the symbolic constructions:
former relation is well-known (see for instance [14, p.10] , [12] , [8] ) and is based on the decomposition of a graph into 2-connected components. The latter one is straightforward.
Analytic Preliminaries. We denote by y = F(z, y, u) a system of the form:
Let f 1 , ..., f m be analytic functions with non-negative coefficients, such that F(0, 0, u) ≡ 0, F(z, 0, u) ≡ 0 and there exists j with F yj yj ≡ 0, where F yj yj denotes the second derivative with respect to y j . To any such system, we relate a directed graph with vertices y i and edges (y i , y j ) ∈ E whenever F i depends on y j , i.e. whenever ∂Fi ∂yj ≡ 0. We call this the dependency graph of the system and suppose that it is strongly connected, i.e. one can move from any vertex to any other through a path of directed edges. If such a system has unique analytic solutions with non-negative coefficients y i (z, u 1 , ..., u m ) around z = 0, u i = 1, it is called well defined. Then, Theorem 2.1 [6, Prop.3][7, Ch.2] holds, adjusted to our purpose: the only missing requirement is F(0, y, u) = 0, but the result is still valid when one deals with well-defined systems.
Theorem 2.1. Let y = F(z, y, u) be a well-defined system and let y = y(z, u) = (y 1 (z, u), ..., y N (z, u)) denote the analytic solutions of the system. Suppose that the radius of convergence of F is large enough that there is a positive number z 0 of minimum modulus and real numbers y 0 that satisfy the system
Then there exist functions ρ(u), g i (z, u), h i (z, u), for 1 ≤ i ≤ N, which are analytic around z = z 0 , u = 1, and satisfy ρ(1) = z 0 , h i (z 0 , 1) < 0, such that:
locally around z = z 0 , u = 1 with arg(z − ρ(u)) = 0. Assume also that [z n ]y j (z, 1) > 0 for 1 ≤ j ≤ N and for all large enough n. Then, for u sufficiently close to 1, the radius of convergence of all y i is ρ(u) and there are no other singularities on the circle of convergence |z| = |ρ(u)| than z = ρ(u). Furthermore, there exists > 0, such that y i can be analytically continued to the region |z| < |ρ(u)| + , | arg(z − ρ(u))| > .
Note that, according to Condition (2), 1 is an eigenvalue of the matrix F y (z 0 , y 0 , 1). Systems like (2) will be called characteristic. In expansions of the form (3), we will call critical exponent the first non-integer power of the expansion (in this case, for instance, the critical exponent is equal to 1/2).
For the asymptotic analysis, we follow the transfer principles of singularity analysis, as they are presented in [10] . Let f (z) be an analytic function at zero with a unique smallest singularity at z = ρ and ρ > 0. We need the fact that, if f (z) has a singular expansion f (z) = a 0 +a
where Γ(α) refers to the Euler Gamma function, defined as Γ(x) = ∞ 0 t x−1 e −t dt. For the extraction of normal limit laws, we use Theorem 2.25 from [7] .
cn (1) , where c n (u) is the coefficient of z n of an analytic function y(z, u) = n≥0 c n (u)z n around z = 0, u = 1 and c n (u) > 0 for n ≥ n 0 and positive real u. Suppose also that y(z, u) has a local singular representation of the form
for some real α ∈ R\N and functions g(z, u), h(z, u) = 0 and ρ(u) = 0 that are analytic around z = z 0 > 0 and u = 1. If z = ρ(u) is the only singularity of y(z, u) on the disk |z| ≤ |ρ(u)|, when u is sufficiently close to 1, and there exists an analytic continuation of y(z, u) to the region |z| < |ρ(u)| + δ, | arg(z − ρ(u))| > for some δ > 0 and > 0, then X n satisfies a central limit theorem
Finally, a pair of combinatorial classes with generating functions (y(z), g(z)) is called subcritical if y(z) = g(y(z)) and y(ρ y ) < ρ g , where ρ y and ρ g are the radius of convergence of y, g, respectively.
Encoding 2-connected patterns in polygon dissections
Let ∆ = {δ 1 , δ 2 , ..., δ m } be a set of 2-connected patterns and let D ∆ (z, u) be a multivariate generating function, where the coefficient of
m is the number of polygon dissections in D that have n vertices and n i subgraph occurrences of the pattern δ i . 3 In the construction of Figure 1 and the corresponding Equation (1), observe that the encoding of subgraphs of type δ i is not straightforward, since they do not behave additively as parameters. The aim in this section is to prove, for any set ∆, an explicit combinatorial construction for D that allows this encoding. The approach we follow is to partition the class D into smaller combinatorial classes and build a symbolic system with them and D, in which we can handle uniformly the appearance of such patterns. The resulting system uses only the operations of addition and cartesian product, and thus settles formally the algebraic nature of D ∆ (z, u).
For clarity of presentation, we first work with dissectionsD that miss one of the two vertices of the root-edge,
, in order to avoid the denominators of Equation (1). We proceed by defining the auxiliary combinatorial classesD • ,D ν1 , ...,D ν k that give us the required partition.
Since δ i are subgraphs of polygon dissections and 2-connected, they are themselves isomorphic to polygon dissections. Let H ∆ be the length of the maximum Hamilton cycle over all δ i . In order to encode the appearances of δ i inD, we need to control the way the dissections are glued recursively, as suggested in Figure 1 . In fact, we need to control the construction until the root polygon is of length at most H ∆ : no new copies of δ i are created when already made dissections are glued around a big root polygon. Thus, we consider as small, respectively big, the polygons that are equal to or smaller than, respectively larger than, an H ∆ -gon and denote byD • the class which contains all dissections inD that have a big root polygon, plus the edge e = {v 1 , v 2 }. We are now able to give the following definition: Definition 3.1. A polygon dissection is called a composite root with respect to a set of 2-connected patterns ∆ = {δ 1 , δ 2 , ..., δ m } if the following two conditions hold:
1. It consists only of small polygons.
2. Let F be a face of the composite root that shares an edge with the unbounded face and let an edge e 1 ∈ F that is not an outer edge. Then, e 1 is connected to the root-edge with a simple path of adjacent polygons that constitutes a dissection of size less than H ∆ .
Observe that there is a finite number of composite roots. They are denoted by ν j , where j refers to some arbitrary ordering among them. Alternatively, we identify a composite root with a tuple of indices i 1 [i 2 ], where the first index i 1 is the size of its root polygon and the second index i 2 is its ordering among all the other composite roots with the with the same root polygon of size i 1 , according to some arbitrary ordering among them (see, for instance, Figure 2 or 4) .
Let A, B be polygon dissections. B will be called an extension of A if A is an induced subgraph of B preserving the root-edge, i.e., one can obtain A from B by a sequence of vertex deletions, excluding the vertices of the root-edge, and renumbering the vertices according to their final position with respect to the root-edge. For instance, the dissections 3[3] and 3 [8] in Figure 2 are extensions of 3 [1] , but 3 [9] is not an extension of 4 [1] . A composite root is called maximal if there is no composite root that is an extension of it. , and 4 [1] are the only maximal ones and an edge is blue if it is outer in some maximal extension.
We associate to each one of the composite roots ν j the combinatorial classD νj , which corresponds to polygon dissections that are extensions of the composite root ν j and satisfy the following condition, called Proof. Condition (I) forces theD νj classes to be disjoint: if p i ∈D νi , p j ∈D νj , i = j, then p i = p j , since their maximal composite roots differ in at least one small polygon. Moreover, any object inD with small root polygon and maximal composite root ν j belongs inD νj . Since the classD • contains the edge graph and all dissections with big root polygon, theD • ,D νj classes indeed form a partition ofD. It then holds thatD
For p ∈D νj , p is decomposed uniquely into its maximal composite root ν j and a sequence of objects from the classesD • ,D νj that respects Condition (I). In particular, if an edge of ν j is outer in its maximal extensions, then objects from any class are attached. Else, only members ofD • are attached. Let t be the number of such outer edges in ν j , s be the number of all outer edges, and c ∈ {•, ν 1 , ν 2 , ..., ν m } t . Then it holds thatD
Figure 3: The decomposition of an element inD • and an element inD 3 [4] , when ∆ = {δ 1 } and δ 1 is a 4-cycle. See Figure 2 for the class indices. 
which is non-linear in y, y • , y νj and where each r j is a Q-rational and analytic function around zero, with non-negative coefficients. Moreover, r • (z, 0) = 0 and the system is strongly connected.
Proof. The parameters δ i are additive in the symbolic Equations (4), so their translation to multivariate generating functions depending on z and u is immediate:
The parameters δ i are not additive in the symbolic Equation (5), since new copies of them might occur after the attachment of objects inD νj around the composite root. However, any new copies occur locally, in the interactions between ν j and subsets of c. This is a fixed number p ji c for every c and δ i . Thus, Equation (5) is translated in the following way:
The emerging system is indeed strongly connected: allD νj are connected toD • , which connects toD. The rest of the stated properties are immediate.
By Equation (6), we obtainD • =D H∆ +DD • −zD +z. Also, one can substitute the y • , y νj variables in the right part of y's equation with their equivalent expressions. Thus, systems of Theorem 3.3 can be turned to proper algebraic, i.e., in the right part there is no constant term or linear term y, y i . Then, we can argue thatD(z, u) also satisfies some computable polynomial equation p(z, y, u) = 0 (see [19] ). Consequently, also D(z, u) is algebraic, as well as D(z, 0), i.e., the generating function of polygon dissections that avoid all patterns in ∆ as subgraphs. Note that the systems resulting from Theorem 3.3 are large with respect to H ∆ . In particular, any combination of at most H ∆ − 2 small polygons around a root polygon of size H ∆ − 1 will constitute a composite root. These are (H ∆ − 1) H∆−2 , since there are H ∆ − 2 available edges and H ∆ − 1 choices, when considering also the empty choice. However, when H ∆ is small, one can find ad hoc arguments to make the systems manageable; see for instance Section 4.
Theorem 3.4. Let ∆ = {δ 1 , ..., δ m } be a set of 2-connected patterns. Let Ω n be the set of polygon dissections of size n and X n : Ω n → Z m ≥0 be a vector of random variables X δ1 , ..., X δm in Ω n , such that X δi (ω) is the number of δ i patterns in ω ∈ Ω n . Then, X n satisfies a central limit theorem
Proof. Any system resulting from Theorem 3.3, y − r(y, z, u) = 0, admits a non-negative power series solution y(z, u) around zero and 1 by construction. This is also unique by the implicit function theorem, since det(I − r y (y, z, u))| (y,z)=0,u=1 = 1 for every set ∆. Thus, the defining system ofD is always well defined. By construction, the system is also strongly connected. Consequently, the matrix r y is non-negative and irreducible in R + . It is known [18] that non-negative irreducible matrices have a unique dominant eigenvalue λ that is positive and strictly increasing with respect to the entries of the matrix. Let ρ be the radius of convergence ofD(z, 1). For z < ρ, it holds that λ(r y (z, y(z), 1)) < 1: if this was not the case, thenD(z, 1)'s radius of convergence would be smaller, by Theorem 2.1. The valueD(ρ, 1) is finite, sinceD is algebraic. Consequently, the characteristic system always has the minimal solution (ρ, y(ρ, 1)). Moreover, it is true that [z n ]D(z, 1) > 0. The result can now be obtained as direct consequence of Theorems 3.3, 2.1, and 2.2.
Applications
In this section, we give examples and applications of Theorem 3.3. The applications concern the combinatorial classes of polygon dissections and outerplanar graphs and they are of two different kinds: computation of limit laws for 2-connected parameters δ i and asymptotic enumeration of these classes, when the patterns δ i are forbidden as subgraphs. For clarity, we give the defining equations forD and not for D, but the final computations will be done in terms of D. The equation analysis process is similar to the one in [2] .
Extraction of limit laws Encoding 3-cycles
The only composite root is the triangle, denoted by 3 [1] . Thus, the defining system ofD is the following:
The latter is equivalent to the following polynomial system (notice that in this form it is not non-negative):
By observing thatD
Encoding 4-cycles
The composite roots are all the dissections in Figure 2 . From now on, we writeD i for the sum jD i [j] . Also, when m equations are the same and correspond to the same root polygon with n sides, we writē
Notice that the term (D • + uD 3 +D 4 ) 2 is equal toD 3 . So, the system is equivalent to:
We now use the previous systems, encoding 3 and 4-cycles, to obtain the following theorem: 
2 ≈ 0.44710 0.33705 0.36145
Proof. The central limit theorem is obtained from Theorem 3.4. We present an outline of how to get the exact constants in both cases, which can be replicated for any system derived from Theorem 3.3. For specific steps of the computations, see Section 4.1.1 In both cases, D has a singular expansion of the form
that satisfies the requirements of Theorem 2.2. This can be obtained by the same reasoning as in Theorem 3.4. The value r(1) can be computed using the discriminant of D's defining polynomial p(y, z, u) (see [10, Ch.VII]), disc(z, u). In this case, r(1) = 3 − 2 √ 2, which is known from [9] . Then, we also find the values r (1), r (1), by consecutively differentiating disc(r(u), u) with respect to u. With these values, we compute the constants required for the mean and variance according to Theorem 2.2 and obtain the indicated numbers.
In order to pass to labelled 2-connected, connected, and then general outerplanar graphs, we use the multivariate analogues of the equations in Table 2 , i.e.
where the derivatives are taken with respect to z. Let y denote zC (z, 1) and consider the characteristic system: y − z exp(B (y, 1)) = 0 1 − z exp(B (y, 1))B (y, 1) = 0
This has indeed a minimal positive solution (τ, z 0 ), since the outerplanar graph class belongs to the subcritical family of graphs [8] , i.e. z 0 C (z 0 , 1) < r(1), where z 0 is the radius of convergence of C (z, 1) and r(1) the one of B (z, 1). Moreover, the system satisfies 1 − yB (y, 1) = 0. Solving for y, we find the value τ and then z 0 = τ exp(−B (τ, 1)). We can now apply Theorem 2.1 and get a singular expansion around z 0 for C , with critical exponent 1/2. Moreover, the point z 0 is the only singularity on the radius of convergence of C and there exists an analytic function ρ(u) around u = 1 that gives the unique smallest singularity of C when u is close to 1; in particular, ρ(1) = z 0 . Then, also τ (u) is an analytic function close to 1, where τ (u) = ρ(u)C (ρ(u), u).
As in [2] , if Ψ(y, u) is an analytic function such that Ψ(y, u) = y exp(−B (y, u)), then ρ(u) = Ψ(τ (u), u) and it holds that
The functions C and G have the same singularity function ρ(u) as C , but the critical exponent of their expansion on ρ(u) is 3/2 (see the analysis in [2] for details). We can thus apply Theorem 2.2, after computing the relevant constants. The value τ (1) can be computed through the relation τ (u)B (τ (u), u) = 1.
In the case of outerplanar graphs, the limit laws are expected from [8] . However, in [8] there is no constructive way to compute the relevant constants. This is a contribution of this work, that offers specific defining equations for the function B .
Computations
The following were performed in the computational software Maple.
Parameter: 3-cycles
For dissections, the defining polynomial p 3 (D, z, u) is the following:
Its discriminant with respect to D, disc(z, u), is equal to
From this, we retrieve the root r(1) = 3 − 2 √ 2 . By setting z = r(u) and differentiating with respect to u in disc(r(u), u), we also retrieve r (1) = − :
Then, we write 1 − zB (z, 1) = 0 in terms of D, using the previous expressions, i.e.
and solve the system of Equation (9) 
Restricted classes
Now we apply the results of Theorem 3.3 in the context of asymptotic enumeration. We give various examples in restricted classes of polygon dissections and outerplanar graphs.
Avoiding 3 and 4-cycles
Using the equations of the previous section, we obtain immediately sets of equations for polygon dissections avoiding 3 and 4-cycles. Setting u = 0 and substituting forD, we obtain
for 4-cycles.
Avoiding 5-cycles
In Figure 4 , there are all the composite roots when 5-cycles are avoided. We obtain the following system, after setting u = 0 where appropriate.
The system can be simplified, after observing thatD 
Avoiding 6-cycles
In Figure 5 , there are the composite roots when 6-cycles are excluded, except for the ones including a 5-gon. ForD 5 , we observe immediately
We can immediately group all theD 3[i] andD 4[j] together to form equations forD 3 andD 4 , respectively.
Avoiding other patterns
Now we avoid non-cyclic patterns. We analyse the ones induced by the dissections 3 [2] and 4 [2] in Figure 5 , separately and together. We refer to them as Pattern I and Pattern II, respectively.
For Pattern I, the composite roots are the dissections 3[1, 9, 10, 11] and 4 [1] in Figure 5 and the equations are the following:
For Pattern II, the composite roots are the ones in Figure 4 and the ones containing some 5-gon. The equations are the same as in the 5-cycle case, with the following differences: NowD =D • +D 3 +D 4 +D 5 . Also, in all the equations apart from the one ofD andD • , we substituteD • forD • +D 5 . The equation D 5 =D 4 must be added as well. Figure 5: The composite roots when 6-cycles are excluded, except for the ones including a 5-gon.
For Patterns I and II, the composite roots are the dissections 3 [1] , 4 [1 − 8] in Figure 4 and the ones containing some 5-gon. The equations are the same as when avoiding Pattern II, only nowD 3 [2] andD 3 [3] are omitted. · n −5/2 · ρ −n · n! where both α, g are computable constants. In Table 3 , there are approximations of α, g for various choices of ∆.
Proof. We apply Theorem 2.1 with the same reasoning as in Theorem 3.4 and, in the end, obtain singular expansions with singular exponents 1/2 and 3/2 for D and G, respectively. Then, the types of asymptotic growth can be obtained from the transfer principles of singularity analysis. It is true that g = τ (log ρ − log(τ ) + 1) + B(τ ) [2] . The value B(τ ) can be approximated from the systems in this work. For details on the computations, see Section 4.2.2. Table 3 : The constants for the asymptotic growth of restricted polygon dissections and outerplanar graphs, respectively.
Computations
We will use the notation from the proof of Theorem 3.4. In the level of dissections, there is no computational difficulty, since in all cases the constants can be computed either through the defining equation ofD, or using the characteristic system. In all cases, the main singularity can be found by solving directly the characteristic system, while α can be found by substituting theD i variables in the system by their singular expansions and solve the system with respect to the undetermined coefficients.
Moving to the connected and general level, some values are harder to compute. In particular, the computation of B(τ ) is not easily accessible through our implicit function setting, while also τ is hard to compute when the value H ∆ grows and the defining equation for d becomes either too big or too hard to compute. For instance, the defining polynomial for the 5-cycle case has degree 45 with respect to D and 54 with respect to z, while the polynomial for the 6-cycle case was not retrieved in a reasonable amount of time, i.e. in half hour. For our purposes, we computed an approximation for both values τ, B(τ ), using the first 700 terms of the power series expansion of B. The expansion was extracted from the one ofD, which was found by iterating the defining system in Maple. The results are displayed in Table 3. n
